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Bethe-Salpeter equation for diquarks in color-flavor locked phase of cold dense QCD
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The Bethe-Salpeter equations for diquarks with the quantum numbers of the Nambu-Goldstone bosons are
analyzed in the color-flavor locked phase of cold dense QCD with three quark flavors. The decay constants and
the velocities of the Nambu-Goldstone bosons are calculated in the Pagels-Stokar approximation. It is also
shown that, in contrast with the case of dense QCD with two flavors, there are no massive radial excitations
with quantum numbers of the Nambu-Goldstone bosons in the color-flavor locked phase. The role of the
Meissner effect in the pairing dynamics of diquarks is explained.
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I. INTRODUCTION

Quark matter at high density is a color superconducto
has been the subject of many studies for the last few ye
This recent increased activity was initiated by the obser
tion @1,2# that the color superconducting order parame
could be much larger than previously thought~for old stud-
ies, see Refs.@3,4#!. Since then, many new results have a
peared@5–20#.

Because of asymptotic freedom, QCD becomes a wea
interacting theory at high densities. This allows one to obt
some rigorous results for dense quark matter in
asymptotic limit. Of course, from the viewpoint of phenom
enology, it is most desirable to have a theory valid at int
mediate densities that could be produced in heavy ion c
sions or could exist in nature~for example, inside neutron o
quark stars!. This dilemma is partially resolved by studyin
predictions of the theory at high densities and, then, exte
ing their validity as far as possible to the region of inter
@5–11#. Notice that all the heavy quark flavors could b
safely omitted from the analysis when probing the qu
matter at realistic intermediate densities. As a result,
arrives at a model of dense QCD with either two~‘‘up’’ and
‘‘down’’ ! or three~‘‘up,’’ ‘‘down,’’ and ‘‘strange’’ ! flavors.

In this paper, we deal with the problem of the diquar
with the quantum numbers of the Nambu-Goldstone~NG!
bosons in cold dense QCD with three flavors.~A similar
problem in the case of two flavors was considered in R
@21,22#.! The ground state of dense quark matter with th
flavors is a color superconductor in the so-called color-fla

*On leave of absence from Bogolyubov Institute for Theoreti
Physics, 252143 Kiev, Ukraine.
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locked~CFL! phase@12#. It is remarkable that chiral symme
try in such a phase is broken and most of the quantum n
bers of physical states coincide with those in the hadro
phase. It was tempting, therefore, to suggest that there m
exist a continuity between the two phases@13#.

The dynamical symmetry breaking is caused by the c
ebrated Cooper instability in the pairing dynamics of qua
particles around the Fermi surface. As a result, the orig
gauge symmetry SU(3)c and the global chiral symmetry
SU(3)L3SU(3)R break down to the global diagona
SU(3)c1L1R subgroup@12#. Out of a total of 16~would be!
NG bosons, eight are removed from the physical spectr
by the Higgs mechanism, providing masses to eight gluo
The other eight NG bosons show up as an octet@under the
unbroken SU(3)c1L1R] of physical particles. In addition, the
global baryon number symmetry as well as the approxim
U(1)A symmetry also get broken. As a result, an extra N
boson and a pseudo NG boson appear in the low ene
spectrum. These particles are both singlets un
SU(3)c1L1R .

The low energy effective theory in the CFL phase w
formulated in Refs.@23–28#. Moreover, all parameters tha
define the low energy action of the~pseudo! NG bosons were
calculated in the limit of the asymptotically large chemic
potential. The elegant method of Refs.@24–28# is based on
matching some vacuum properties~such as vacuum energ
and gluon screening! of the effective and microscopic theo
ries. While being rather efficient for some purposes, suc
method is very limited when it comes to determining t
spectrum of bound states other than NG bosons. The o
approach used to study~diquark! bound states is based on th
Bethe-Salpeter~BS! equation. In particular, the analysis o
the BS equation seems to be the only way to test the con
ture of Ref.@14# about the existence of an infinite tower o
l

©2001 The American Physical Society05-1



e
ur

in

ib
w
th
IV
ex
b

n
ly
n
. I
ita
th
III

al
e

th

s
-

e

a
s
-

lso

r

-

r-
-

g

let
l

or

the
e

ero

n
s a
the-

or,

he

m-
f-

s.

ck-
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massive diquark states in the color superconducting phas
dense quark matter. In two flavor QCD, such a conject
proved to be partially true@21,22#. Here we generalize the
method of Refs.@21,22# to the case of the CFL phase
QCD with three flavors.

This paper is organized as follows. In Sec. II, we descr
the model and introduce the notation. Then, in Sec. III,
review the approach of the Schwinger-Dyson equation in
color superconducting phase of three flavor QCD. In Sec.
we derive the Ward identities for the quark-gluon vert
functions, corresponding to the broken generators of glo
and gauge symmetries. We outline the general derivatio
the Bethe-Salpeter equation and present its detailed ana
for the diquark NG bosons in Sec. V. The decay consta
and velocities of the NG bosons are calculated in Sec. VI
Sec. VII, we discuss the problem of massive radial exc
tions in the diquark channel with quantum numbers of
NG bosons. Finally, our conclusions are given in Sec. V

II. MODEL AND NOTATION

As we mentioned in the Introduction, the origin
SU(3)c3SU(3)L3SU(3)R symmetry of three flavor dens
QCD breaks down to the global diagonal SU(3)c1L1R sub-
group. The condensate in the CFL phase is given by
vacuum expectation value of the following diquark~antidi-
quark! field @12#:

^0u~C̄D! i
ag5~CD

C! j
bu0&5k1d i

ad j
b1k2d j

ad i
b , ~1!

where CD and CD
C5CC̄ D

T are the Dirac spinor and it
charge conjugate spinor, andC is a unitary matrix that satis
fies C21gmC52gm

T and C52CT. The complex scalar
functionsk1 and k2 are determined by dynamics. Here w
explicitly display the flavor (i , j 51,2,3) and color (a,b
51,2,3) indices of the spinor fields. Notice, however, th
the CFL phase mixes color and flavor representations. A
result, the notions of ‘‘color’’ and ‘‘flavor’’ become essen
tially indistinguishable in the vacuum. In passing, we a
note that the order parameter in Eq.~1! is even under parity.

By following Ref. @24#, we introduce the color-flavo
locked Weyl spinors@octets and singlets under SU(3)c1L
and SU(3)c1R , respectively# to replace the spinors of a defi
nite color and flavor:

cA5
1

A2
P1~CD!a

i~lA! i
a , c5

1

A3
P1~CD!a

id i
a , ~2!

c̃A5
1

A2
P2~CD

C! j
b~lA!b

j , c̃5
1

A3
P2~CD

C! j
bdb

j ,

~3!

fA5
1

A2
P2~CD!a

i~lA! i
a , f5

1

A3
P2~CD!a

id i
a ,

~4!
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f̃A5
1

A2
P1~CD

C! j
b~lA!b

j , f̃5
1

A3
P1~CD

C! j
bdb

j ,

~5!

whereA51, . . . ,8, the sumover repeated indices is unde
stood, andP65(16g5)/2 are the left- and right-handed pro
jectors. A tilde denotes the charge conjugate spinors.

The order parameter in Eq.~1! is recovered by assumin
that the following ~singlet under the locked symmetry!
vacuum expectation values are nonzero

^0uc̄c̃u0&52^0uf̄f̃u0&52 1
2 ~3k11k2!, ~6!

^0uc̄Ac̃Bu0&52^0uf̄Af̃Bu0&52 1
2 dABk2 . ~7!

A specific vacuum alignment leads to a relation betweenk1
andk2. For example, if the condensate were pure antitrip
in color and antitriplet in flavor~with respect to the origina
symmetries of the action!, it would imply that k252k1.
Similarly, in the case of a sextet in color and sextet in flav
condensate, the relation would readk25k1. It is known,
however, that the true vacuum alignment is such that
antitriplet–antitriplet contribution dominates. At the sam
time, the sextet–sextet contribution is small but nonz
@12,15,16#.

III. SCHWINGER-DYSON EQUATION

In this section we briefly review the Schwinger-Dyso
~SD! equation using our notation. This would also serve a
convenient reference point when we discuss the Be
Salpeter~BS! equations in Sec. V.

To start with, let us introduce the multicomponent spin

S C

CAD , ~8!

built of the left-handed Majorana spinors,

C5c1c̃, ~9!

CA5cA1c̃A. ~10!

Similarly, we could introduce the multispinors made of t
right-handed Majorana fields,F and FA. In our analysis,
restricted only to the~hard dense loop improved! rainbow
approximation, the left and right sectors of the theory co
pletely decouple. Then, without loss of generality, it is su
ficient to study the SD equation only in one of the sector

The benefit of using the notation in Eq.~8! is that the
inverse full propagator of quarks takes a very simple blo
diagonal form,

G21~p!5S S1
21~p! 0

0 dABS2
21~p!

D , ~11!

S1
21~p!52 i ~p”1mg0g51D1P21D̃1P1!,

~12!
5-2
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BETHE-SALPETER EQUATION FOR DIQUARKS IN . . . PHYSICAL REVIEW D63 056005
S2
21~p!52 i ~p”1mg0g52D2P22D̃2P1!.

~13!

Here D1,25D1,2
1 Lp

11D1,2
2 Lp

2 and D̃1,25g0D1,2
† g0, and the

‘‘on-shell’’ projectors of quarks,

Lp
65

1

2 S 16
aW •pW

upW u
D , aW 5g0gW , ~14!

are the same as in Ref.@15#. We note that the gaps,D1 and
D2, enter the propagators~12! and ~13! with opposite signs.

After expressing the standard bare vertex of QCD
terms of Majorana spinors~9! and ~10!, we arrive at the
following matrix form of the vertex:

gAm5gmS 0
1

A6
dACg5

1

A6
dABg5

1

2
~dABCg52 i f ABC!

D , ~15!

wheredABC and f ABC are defined by the~anti-! commutation
relations of the Gell-Mann matrices,

$lA,lB%5 4
3 dAB12dABClC, ~16!

@lA,lB#52i f ABClC. ~17!

With all the ingredients at hand, it is straightforward
derive the matrix form of the SD equation,

G21~p!5G0
21~p!14pasE d4q

~2p!4
gAmG~q!

3GAn~q,p!Dmn~q2p!. ~18!

HeregAm andGAm are the bare and the full vertices, respe
tively. The gluon propagator in the SD equation is the sa
as in Ref.@15#, except that the Meissner effect should,
general, be taken into account.

By inverting the expression in Eq.~11!, we obtain the
following representation for the quark propagator:

G~p!5S S1~p! 0

0 dABS2~p!
D , ~19!

where

S1~p!5 i
g0~p01ep

1!2D1
1

p0
22~ep

1!22uD1
1u2

Lp
2P1

1 i
g0~p02ep

1!2~D1
1!*

p0
22~ep

1!22uD1
1u2

Lp
1P2

1 i
g0~p02ep

2!2D1
2

p0
22~ep

2!22uD1
2u2

Lp
1P1

1 i
g0~p01ep

2!2~D1
2!*

p0
22~ep

2!22uD1
2u2

Lp
2P2 , ~20!
05600
-
e

S2~p!5 i
g0~p01ep

1!1D2
1

p0
22~ep

1!22uD2
1u2

Lp
2P1

1 i
g0~p02ep

1!1~D2
1!*

p0
22~ep

1!22uD2
1u2

Lp
1P2

1 i
g0~p02ep

2!1D2
2

p0
22~ep

2!22uD2
2u2

Lp
1P1

1 i
g0~p01ep

2!1~D2
2!*

p0
22~ep

2!22uD2
2u2

Lp
2P2 . ~21!

The bare propagator in Eq.~18! is similar but with zero
values of the gapsDn

6 (n51,2).
In the ~hard dense loop improved! rainbow approxima-

tion, both vertices in the SD equation are bare. By mak
use of the propagator in Eq.~19! and the vertex in Eq.~15!,
we derive the set of two gap equations@15,16#

D1~p!52
16

3
pasE d4q

~2p!4
gmP1S2~q!P1gnDmn~q2p!,

~22!

D2~p!5
2

3
pasE d4q

~2p!4
gmP1@2S2~q!

2S1~q!#P1gnDmn~q2p!, ~23!

where we used the identities

dACDdBCD5 5
3 dAB, ~24!

f ACDf BCD53dAB. ~25!

An approximate analytical solution to this coupled system
gap equations was presented in Ref.@15# ~a numerical solu-
tion was also given in Ref.@16#!. Here we quote the fina
results@15#:

D1
2~p4!'2D2

2~p4!'2D (3̄,3̄)
2

~p4!, ~26!

where

D (3̄,3̄)
2

~p4!'D0 , p4<D0 , ~27a!

D (3̄,3̄)
2

~p4!'D0 sinSA2as

9p
ln

L

p4
D ,

p4>D0 , ~27b!

with L[16(2p)3/2m/(3as)
5/2 and

D0'
16~2p!3/2m

~3as!
5/2

expS 2
3p3/2

23/2Aas
D . ~28!

As in the case of two flavor dense QCD, the issue of
overall constant factor in this expression is still unsettle
5-3



e
s
e
an

C
a

ar
ar
a
y
G

an

n

he
be
a

de
re

th
gl

e
ha
rk

the
se
is
n
in-

as

er-

MIRANSKY, SHOVKOVY, AND WIJEWARDHANA PHYSICAL REVIEW D 63 056005
Some sources of possible corrections are discussed in R
@11,17#. In addition, we could argue~along the same lines a
in Appendix B of Ref.@22#! that there is also at least on
nonperturbative correction that could modify the const
factor in the expression for the gap.

IV. WARD IDENTITIES

In order to preserve the gauge invariance in dense Q
one has to make sure that Green functions satisfy the W
identities. In this section, we consider the simplest W
identities that relate the vertex functions and the qu
propagators. In addition to establishing the longitudinal p
of the full vertex function, these identities will play a ver
important role in our analysis of the BS equations for the N
bosons.

In general, the structure of Ward identities in nonAbeli
gauge theories~the Slavnov-Taylor identities! is much more
complicated than in Abelian ones: they include contributio
of the Faddeev-Popov ghosts. Fortunately in the~hard dense
loop improved! ladder approximation, used in this paper, t
situation simplifies. Indeed, since the direct interactions
tween gluons are neglected in this approximation, the W
identities have an Abelian-type structure.

To start with, let us rewrite the conserved currents~related
to the baryon number and color symmetry! in terms of the
Weyl spinors, defined in Eqs.~9! and ~10!. In this approxi-
mation, the left- and right-handed sectors of the theory
couple and the axial U(1)A charge is conserved. Therefo
we can consider the~approximately! conserved currents in
the two sectors separately. Here we give the details of
analysis for the left sector. The expressions for the sin
~related to the baryon number and the axial charge! and the
octet ~related to the color charge! channels read

j m~x!5C̄D~x!gmP1CD~x!

5 1
2 C̄A~x!gmg5CA~x!1 1

2 C̄~x!gmg5C~x!, ~29!

j m
A~x!5

1

2
C̄D~x!gmlAP1CD~x!

5
1

4
C̄B~x!gm~dABCg52 i f ABC!CC~x!

1
1

2A6
@C̄~x!gmg5CA~x!1C̄A~x!gmg5C~x!#.

~30!

Similar expressions could be written in the right-handed s
tor too. Now, we are interested in the Ward identities t
relate the quark-gluon vertices to the propagators of qua
Therefore, let us introduce the following~nonamputated!
vertex functions:

Gm~x,y!5^0uT jm~0!C~x!C̄~y!u0&, ~31a!
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Gm
AB~x,y!5^0uT jm~0!CA~x!C̄B~y!u0&,

~31b!

Gm
A,BC~x,y!5^0uT jm

A~0!CB~x!C̄C~y!u0&,
~31c!

G1,m
A,B~x,y!5^0uT jm

A~0!CB~x!C̄~y!u0&,
~31d!

G2,m
A,B~x,y!5^0uT jm

A~0!C~x!C̄B~y!u0&.
~31e!

In order to derive the Ward identities, one needs to know
transformation properties of the quark fields. By making u
of the transformation properties of the Dirac spinors, it
straightforward to derive the following infinitesimal baryo
conservation symmetry transformations for the spinors of
terest:

dCA5 ivg5CA, ~32!

dC̄A5 ivC̄Ag5, ~33!

dC5 ivg5C, ~34!

dC̄5 ivC̄g5, ~35!

as well as the following color symmetry transformations:

dCA5
i

2
vB~dABCg51 i f ABC!CC1

ivA

A6
g5C, ~36!

dC̄A5
i

2
vBC̄C~dABCg51 i f ABC!1

ivA

A6
C̄g5,

~37!

dC5
ivA

A6
g5CA, ~38!

dC̄5
ivA

A6
C̄Ag5. ~39!

Now, by making use of the current conservation as well
the definition of the vertices in Eq.~31!, we straightfor-
wardly derive the Ward identities for the nonamputated v
tices:

PmGm~k1P,k!5 i @g5S1~k!1S1~k1P!g5#, ~40a!

PmGm
AB~k1P,k!5 idAB@g5S2~k!1S2~k1P!g5#,

~40b!

PmGm
A,BC~k1P,k!5

i

2
dABC@g5S2~k!1S2~k1P!g5#

2
1

2
f ABC@S2~k!2S2~k1P!#,

~40c!
5-4
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PmG1,m
A,B~k1P,k!5

i

A6
dAB@g5S1k!1S2~k1P!g5],

~40d!

PmG2,m
A,B~k1P,k!5

i

A6
dAB@g5S2~k!1S1~k1P!g5#,

~40e!

whereS1 and S2 are the quark propagators. In the leadi
order approximation where the wave function renormali
tion corrections are neglected, the explicit form of the m
mentum space propagators is given in Eqs.~20! and ~21!.

At this point, let us note that the use of the nonamputa
vertices was crucial for the derivation of the Ward identitie
Other than that, the nonamputated vertices are not very
venient to work with. In fact, it is the amputated rather th
the nonamputated vertices that are usually used in the F
man diagrams. Similarly, it is the amputated vertices t
will appear in the BS equation in Sec. V. The formal defi
tions of the amputated vertices read

Gm~k1P,k!5S1
21~k1P!Gm~k1P,k!S1

21~k!, ~41a!

Gm
AB~k1P,k!5S2

21~k1P!Gm
AB~k1P,k!S2

21~k!,
~41b!

Gm
A,BC~k1P,k!5S2

21~k1P!Gm
A,BC~k1P,k!S2

21~k!,
~41c!

G1,m
A,B~k1P,k!5S2

21~k1P!G1,m
A,B~k1P,k!S1

21~k!,
~41d!

G2,m
A,B~k1P,k!5S1

21~k1P!G2,m
A,B~k1P,k!S2

21~k!.
~41e!

It follows from Eq. ~40! that they satisfy the following iden
tities of their own:

PmGm~k1P,k!5 i @S1
21~k1P!g51g5S1

21~k!#, ~42a!

PmGm
AB~k1P,k!5 idAB@S2

21~k1P!g51g5S2
21~k!#,

~42b!

PmGm
A,BC~k1P,k!5

i

2
dABC@S2

21k1P!g51g5S2
21~k!]

2
1

2
f ABC@S2

21~k1P!2S2
21~k!#,

~42c!

PmG1,m
A,B~k1P,k!5

i

A6
dAB@S2

21~k1P!g5

1g5S1
21~k!#, ~42d!

PmG2,m
A,B~k1P,k!5

i

A6
dAB@S1

21~k1P!g51g5S2
21~k!#.

~42e!
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In the rest of the paper, we are going to use these W
identities a number of times. Because of a relatively sim
structure of the inverse quark propagators, the last form
the identities for the amputated vertices will be particula
convenient.

Notice that in the limitP→0, we obtain

PmGm~k1P,k!uP→052~D̃1~k!P12D1~k!P2!,
~43a!

PmGm
AB~k1P,k!uP→052dAB~D2~k!P22D̃2~k!P1!,

~43b!

PmGm
A,BC~k1P,k!uP→05dABC~D2~k!P22D̃2~k!P1!,

~43c!

PmG1,m
A,B~k1P,k!uP→05

1

A6
dAB@~D̃1~k!2D̃2~k!!P1

1„D2~k!2D1~k!…P2#, ~43d!

PmG2,m
A,B~k1P,k!uP→05

1

A6
dAB@~D̃1~k!2D̃2~k!!P1

1„D2~k!2D1~k!…P2#. ~43e!

These expressions show that all five vertices have pole
P50. Such poles indicate the presence of NG bosons
correspond to broken continuous symmetries in the theo

Let us clarify the exact origin of the poles in all the ve
tices introduced. It is straightforward to show that the po
contributions in the first two vertices, defined in Eqs.~31a!
and ~31b!, indicate the appearance of the NG boson rela
to breaking of the baryon number as well as the axial sy
metry: in this approximation, the U(1)A charge is conserved
and the axial symmetry is spontaneously broken. This bo
is a singlet with respect to the unbroken SU(3)L1R1c sub-
group. Similarly, one can see that the poles of the vertice
Eqs. ~31c!, ~31d!, and ~31e! are due to an octet of the NG
bosons related to breaking of the color symmetry~because of
the locking, the chiral symmetry is also broken!. Notice that
considering the right-handed sector will double the num
of the NG bosons.

One could also establish that the explicit pole structure
the vertices should read

Gm~k1P,k!uP→05
Pm

(h)F (h)

Pn
(h)Pn

h~k,0!, ~44a!

Gm
AB~k1P,k!uP→05

Pm
(h)F (h)

Pn
(h)Pn

dABh8~k,0!,

~44b!

Gm
A,BC~k1P,k!uP→05

Pm
(p)F (p)

Pn
(p)Pn

dABCp0~k,0!,

~44c!
5-5
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G1,m
A,B~k1P,k!uP→05

Pm
(p)F (p)

Pn
(p)Pn

dABp1~k,0!,

~44d!

G2,m
A,B~k1P,k!uP→05

Pm
(p)F (p)

Pn
(p)Pn

dABp2~k,0!,

~44e!

where we introduced the notationPm
(x)5(P0 ,2cx

2PW ) ~with
cx being the velocity of the appropriate NG boson!. The
decay constants are defined by

^0u j m~0!uP&5 iPm
(h)F (h), ~45a!

^0u j m
A~0!uP;B&5 idABPm

(p)F (p). ~45b!

The BS wave functions in the coordinate representation r

h~x,y;P![e2 iP(x1y)/2h~x2y;P!5^0uTC~x!C̄~y!uP&,
~46a!

h8~x,y;P![e2 iP(x1y)/2h8~x2y;P!

5 1
8 ^0uTCA~x!C̄A~y!uP&, ~46b!

and

p0
A(B)~x,y;P![dABe2 iP(x1y)/2p0~x2y;P!

5 3
5 dACD^0uTCC~x!C̄D~y!uP;B&,

A,B51, . . . ,8, ~47a!

p1
A(B)~x,y;P![dABe2 iP(x1y)/2p1~x2y;P!

5^0uTCA~x!C̄~y!uP;B&,

A,B51, . . . ,8, ~47b!

p2
A(B)~x,y;P![dABe2 iP(x1y)/2p2~x2y;P!

5^0uTC~x!C̄A~y!uP;B&,

A,B51, . . . ,8, ~47c!

in the singlet and the octet channels, respectively. The
mentum representation of the corresponding wave funct
are given by the Fourier transforms of the translation inva
ant parts.

V. BS EQUATIONS FOR NG BOSONS

The bound states and resonances should reveal th
selves through the appearance of poles in Green functi
To consider the problem of diquark bound states in c
dense QCD, one has to introduce four-point Green functi
that describe the two particle scattering in the diquark ch
nels of interest. The residues at the poles of the Green fu
tions are related to the BS wave functions of the bou
states. By starting from the~inhomogeneous! BS equations
05600
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for the four-point Green functions, it is straightforward
derive the so-called homogeneous BS equations for the w
functions.

The NG bosons in the problem at hand are the compo
diquark states. Altogether, there are 17 NG bosons and
pseudo-NG boson@the latter is related to breaking of th
approximate U(1)A symmetry#. As was already mentioned in
Sec. IV, there is no difference between the pseudo NG bo
and the real NG bosons in the ladder approximation.
combining the NG bosons in left and right sectors of t
theory, we could construct the corresponding set of sc
and pseudoscalar states. We note, however, that the s
octet is unphysical because of the Higgs mechanism.
pseudoscalar octet is built of real NG bosons related to
breaking of chiral symmetry. In addition, there is a sca
singlet and a pseudoscalar singlet. Both of them are phys
but the first is a real NG boson, while the other is a pseu
NG boson. While considering the BS equation in the le
handed sector, we could reveal only half of the total 18 N
bosons. As is clear, they should belong to singlet and o
representations of SU(3)L1R1c .

We would like to note that though the scalars from t
octet are removed from the physical spectrum by the Hi
mechanism, they exist in the theory as ‘‘ghosts’’@29#, and
one cannot get rid of them completely, unless a unit
gauge is found. In fact these ghosts play an important rol
getting rid of unphysical poles from on-shell scattering a
plitudes@29#. We will use covariant gauges: because of t
composite nature of the order parameter, it does not see
be straightforward to define and to use the unitary ga
here.

The nine Majorana quark fields in Eq.~8! form a singlet
and an octet with respect to the color-flavor locked group
the vacuum. Clearly, we could construct all kinds of differe
diquarks out of these building blocks. If there is an attract
in the appropriate channel, two constituent singlets co
give rise to a diquark singlet. Similarly, one singlet and o
octet could produce an octet of diquarks. Finally, out of tw
quark octets, one could construct a whole new set of ad
tional diquarks. Indeed, by making use of the representa
theory,

8^ 851% 8s% 8a% 10% 10̄% 27, ~48!

we might expect six more multiplets. As was shown in t
preceding section, however, only the singlet and the firs
the octets~the symmetric one! are relevant for the descrip
tion of the NG bosons. One could also guess that the sin
and octet are the most attractive channels in the color-fla
locked phase of dense QCD. For this reason, we restrict
study of the general bound state problem to the analysi
only these two channels@though one should keep in mind
possibility of a mixing between those two octets~see Sec.
V B!#.

In order to derive the BS equations, we use the meth
developed in Ref.@22#. To this end, we need to use th
following effective Lagrangian:
5-6
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Leff5
1
2 C̄~p”1mg0g51D1P21D̃1P1!C

1 1
2 C̄A~p”1mg0g52D2P22D̃2P1!CA

1 1
4 C̄B~x!Am

Agm~dABCg52 i f ABC!CC~x!

1
1

2A6
Am

A
„C̄~x!gmg5CA~x!

1C̄A~x!gmg5C~x!…, ~49!

plus the right-handed contribution. This effective Lagrang
is a starting point in the derivation of the BS equations
the wave functions introduced in Eqs.~46! and ~47!. While
dealing with the multicomponent spinor defined in Eq.~8!, it
is rather natural to introduce the corresponding matrix fo
of the BS wave function. We useX(p;P) as a generic nota
tion for such a matrix wave function.

In the ~hard dense loop improved! ladder approximation,
the matrix form of the BS equation reads

G21S p1
P

2 DX~p;P!G21S p2
P

2 D
524pasE d4q

~2p!4
gAmX~q;P!gBnD mn

AB~q2p!, ~50!

whereD mn
AB(q2p) is the gluon propagator andgAm is the

bare quark-gluon vertex given in Eq.~15!. This approxima-
tion has the same status as the rainbow approximation in
SD equation. It assumes that the coupling constant is w
and the leading perturbative expression for the kernel of
BS equation adequately represents the quark interaction

A. BS equation in the singlet channel

Now, let us consider the BS equation in the singlet ch
nel. As was explained above, it is sufficient to consider o
the left-handed sector in this approximation. As we kn
from studying the pole structure of the vertices in Sec.
the singlet channel should contain at least one bound s
the diquark NG boson related to breaking of the baryon nu
ber @or, what is almost the same in our notation, to the
proximate U(1)A symmetry#.

We start the derivation of the BS equation from establi
ing the structure of the wave function. By incorporating t
definition in Eq.~46!, we obtain the following matrix form of
the ~nonamputated! BS wave function in the singlet channe

Xh~p,P!5S h~p,P! 0

0 dABh8~p,P!
D . ~51!

Now, we substitute this into the BS equation~50! and arrive
at the following set of equations:
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S1
21S p1

P

2 Dh~p,P!S1
21S p2

P

2 D
5

16

3
pasE d4q

~2p!4
gmg5h8~q,P!g5gnDmn~q2p!,

~52!

S2
21S p1

P

2 Dh8~p,P!S2
21S p2

P

2 D
5

2

3
pasE d4q

~2p!4
gm

3S g5h~q,P!g51
5

2
g5h8~q,P!g52

9

2
h8D

3gnDmn~q2p!. ~53!

In order to simplify the analysis, it is rather convenient
introduce the amputated BS wave functions,

h~p,P!5S1
21S p1

P

2 Dh~p,P!S1
21S p2

P

2 D , ~54a!

h8~p,P!5S2
21S p1

P

2 Dh8~p,P!S2
21S p2

P

2 D . ~54b!

In addition, let us restrict ourselves to the analysis of the
wave functions in the limitP→0. As one could check, suc
a limit is well defined and it is consistent with the on-sh
condition for the NG bosons. The BS equations, then, re

h~p!5
16

3
pasE d4q

~2p!4
gmg5S2~q!h8~q!S2~q!g5

3gnDmn~q2p!, ~55!

h8~p!5
2

3
pasE d4q

~2p!4
gmS g5S1~q!h~q!S1~q!g5

1
5

2
g5S2~q!h8~q!S2~q!g5

2
9

2
S2~q!h8S2~q! DgnDmn~q2p!. ~56!

Now, we would like to get a solution to these equations.
in the case of two flavor QCD@21,22#, one could use the
Ward identities to solve the problem.

By comparing the Ward identities in Eqs.~43a! and~43b!
with the pole structure of the vertices in Eqs.~44a! and
~44b!, we derive the required structure of the BS wave fun
tions in the singlet channel,
5-7
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h~p!5
i

F (h)
„S1

21~p!g51g5S1
21~p!…

5
2

F (h)
~D̃1~p!P12D1~p!P2!, ~57!

h8~p!5
i

F (h)
„S2

21~p!g51g5S2
21~p!…

5
2

F (h)
~D2~p!P22D̃2~p!P1!. ~58!

It is straightforward to show that this is indeed the solution
the set of the BS equations~55! and ~56!, provided thatD1
andD2 are the solutions to the gap equations~22! and ~23!.
05600
We use this solution in Sec. VI in order to derive th
decay constants and velocities of the NG bosons.

B. BS equation in the octet channel

By following the approach of the preceding subsectio
let us also analyze the set of coupled BS equations in
octet channel. Again, it is clear from the pole structure of
vertices discussed in Sec. IV that this channel contains
least one solution which corresponds to the octet of diqu
NG bosons.

We start from establishing the general structure of
matrix BS wave function. By making use of the definition
Eq. ~47!, we obtain the following form of the~nonampu-
tated! wave function in the channel of interest:
ght
ose to
Xp
C~p,P!5S 0 dBCp2~p,P!

dACp1~p,P! dABCp0~p,P!1 i f ABCs~p,P!
D . ~59!

Notice, that here we added the ‘‘antisymmetric’’ octets(p,P) @see Eq.~48!# to the general structure because this latter mi
in general mix with the NG octet. Of course, in the weakly coupled limit when the wave function renormalization is cl
1, the admixture ofs octet is expected to be negligible. The reason is that, according to the~approximate! Ward identity in Eq.
~43c!, the NG boson does not contain the antisymmetric contribution proportional tof ABC. This is somewhat similar to the
situation with thes singlet in two flavor QCD@22#.

After substituting the wave function~59! into the BS equation~50!, we arrive at the following set of equations:

S2
21S p1

P

2 Dp1~p,P!S1
21S p2

P

2 D5
2

3
pasE d4q

~2p!4
gm

3S g5p2~q,P!g51
5

A6
g5p0~q,P!g513A3

2
s~q,P!g5D gnDmn~q2p!, ~60!

S1
21S p1

P

2 Dp2~p,P!S2
21S p2

P

2 D5
2

3
pasE d4q

~2p!4
gm

3S g5p1~q,P!g51
5

A6
g5p0~q,P!g523A3

2
g5s~q,P!D gnDmn~q2p!, ~61!

S2
21S p1

P

2 Dp0~p,P!S2
21S p2

P

2 D5
pas

2 E d4q

~2p!4
gm

3S 2A2

3
g5@p1~q,P!1p2~q,P!#g52g5p0~q,P!g523p0~q,P!

13@s~q,P!g52g5s~q,P!# D gnDmn~q2p!, ~62!

S2
21S p1

P

2 Ds~p,P!S2
21S p2

P

2 D5
pas

6 E d4q

~2p!4
gm~2A6@p1~q,P!g52g5p2~q,P!#

15p0~q,P!g525g5p0~q,P!15g5s~q,P!g523s~q,P!!gnDmn~q2p!. ~63!
5-8
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In deriving these equations, we used the following identiti

dAA8B8dBB8C8dCC8A852 1
2 dABC, ~64!

dAA8B8dBB8C8 f CC8A852 5
6 f ABC, ~65!

dAA8B8 f BB8C8 f CC8A852 3
2 dABC, ~66!

f AA8B8 f BB8C8 f CC8A85 3
2 f ABC. ~67!

Following the same approach as in the case of the sin
channel, we introduce the amputated wave functions by

p1~p,P!5S2
21S p1

P

2 Dp1~p,P!S1
21S p2

P

2 D , ~68a!

p2~p,P!5S1
21S p1

P

2 Dp2~p,P!S2
21S p2

P

2 D ,

~68b!

p0~p,P!5S2
21S p1

P

2 Dp0~p,P!S2
21S p2

P

2 D , ~68c!

s~p,P!5S2
21S p1

P

2 Ds~p,P!S2
21S p2

P

2 D , ~68d!

and consider their BS equations in the limit of a vanish
total momentum of the diquark NG bosons,P→0. There-
fore, we arrive at the following equations:

p1~p!5
2

3
pasE d4q

~2p!4
gm

3S g5S1~q!p2~q!1
5

A6
g5S2~q!p0~q!

13A3

2
S2~q!s~q!D S2~q!g5gnDmn~q2p!, ~69!

p2~p!5
2

3
pasE d4q

~2p!4
gmg5S2~q!

3S p1~q!S1~q!g51
5

A6
p0~q!S2~q!g5

23A3

2
s~q!S2~q!D gnDmn~q2p!, ~70!

p0~p!5
pas

2 E d4q

~2p!4
gmS 2A2

3
g5@S2~q!p1~q!S1~q!

1S1~q!p2~q!S2~q!#g52g5S2~q!p0~q!S2~q!g5

23S2~q!p0~q!S2~q!13@S2~q!s~q!S2~q!g5

2g5S2~q!s~q!S2~q!# DgnDmn~q2p!, ~71!
05600
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s~p!5
pas

6 E d4q

~2p!4
gm~2A6@S2~q!p1~q!S1~q!g5

2g5S1~q!p2~q!S2~q!#15S2~q!p0~q!S2~q!g5

25g5S2~q!p0~q!S2~q!15g5S2~q!s~q!S2~q!g5

23S2~q!s~q!S2~q!!gnDmn~q2p!. ~72!

The approximate solution to this set of equations is obtai
by comparing the Ward identities in Eqs.~43c!, ~43d!, and
~43e! with the pole structure of the vertices in Eqs.~44c!,
~44d!, and ~44e!. In this way, we arrive at the following
ansatz:

p0~p!5
i

2F (p)
~S2

21~p!g51g5S2
21~p!!

5
1

F (p)
~D2~p!P22D̃2~p!P1!, ~73!

p1~p!5
i

A6F (p)
~S2

21~p!g51g5S1
21~p!!

5
1

A6F (p)
@~D̃1~p!2D̃2~p!!P1

1~D2~p!2D1~p!!P2#, ~74!

p2~p!5
i

A6F (p)
~S1

21~p!g51g5S2
21~p!!

5
1

A6F (p)
@~D̃1~p!2D̃2~p!!P1

1~D2~p!2D1~p!!P2#, ~75!

s~p!50. ~76!

It is straightforward to show that this is a solution to the s
of the BS equations~69!–~72!. Notice, however, that the
presented solution is approximate to the same extent as
quark propagators are. Indeed, if one takes into account
corrections due to the wave function renormalization
quarks, the expressions in Eqs.~74!, ~75! and ~76!, deter-
mined by the Ward identities, would be modified. It is r
markable that no similar modifications would appear for t
singlet NG boson considered in the preceding subsect
This whole situation resembles the analysis in two flav
dense QCD@22#, where the NG doublets were free of an
admixtures, while the NG singlet had a contribution fro
another singlet. All the arguments of Ref.@22# in support of
the self-consistency of the leading order approximation ap
without changes to the analysis here.

VI. DECAY CONSTANTS OF NG BOSONS

In this section, we derive the values of the decay co
stants for the NG bosons in the Pagels-Stokar approxima
@30# ~for a review see Ref.@31#!. We start with the defini-
tions in Eqs.~45a! and ~45b!. It is straightforward, then, to
5-9
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derive the following exact expressions:

Pm
(h)F (h)5

i

2E d4q

~2p!4
tr$gmg5@8h8~q,P!1h~q,P!#%

5
i

2E d4q

~2p!4
tr$gmg5@8S2~q1P/2!h8~q,P!S2~q2P/2!1S1~q1P/2!h~q,P!S1~q2P/2!#%, ~77!

Pm
(p)F (p)5

i

12E d4q

~2p!4
tr@gmg5~5p0~q,P!1A6p1~q,P!1A6p2~q,P!!#

5
i

12E d4q

~2p!4
tr@gmg5~5S2~q1P/2!p0~q,P!S2~q2P/2!

1A6S2~q1P/2!p1~q,P!S1~q2P/2!1A6S1~q1P/2!p2~q,P!S2~q1P/2!!#. ~78!

In order to calculate the integrals on the right-hand side, one needs to know the explicit form of the BS wave func
nonzero values of the total momentumP. In general, however, it is hard to derive them. Therefore, it is natural to conside
Pagels-Stokar approximation@30,31#. Such an approximation uses the amputated wave functions at zero total mom
which are given in Eqs.~57! and ~58! and Eqs.~73!, ~74!, and ~75! for the singlet and octet states, respectively. A sim
calculation leads to the following result@see Eqs.~A1! and ~A4! in the Appendix for details#:

~F (h)!2H P0

ch
2 PW J .

9m2

2p2 H P0

1
3 PW J , ~79!

~F (p)!2H P0

cp
2 PW J .

m2

24p2 S 72
uD1

2u21uD2
2u22uD1

22D2
2u2

uD1
2u22uD2

2u2
ln

uD1
2u2

uD2
2u2D H P0

1
3 PW J .

~2128 ln 2!m2

72p2 H P0

1
3 PW J , ~80!
th
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where we used the relation between the gapsD1
2'2D2

2 as in
Eq. ~26!.

Recall that here we consider the NG bosons from
left-handed sector. The expressions for the decay cons
of the NG bosons from the right-handed sector are of cou
the same. In order to obtain the decay constants for the sc
and pseudoscalar NG bosons, one has to multiply the exp
sions for (F (h))2 and (F (p))2 in Eqs. ~79! and ~80! by a
factor of 2.

We see that the decay constants of all NG bosons ar
orderm, and their velocities are equal to 1/A3. After taking
into account the difference in definitions of the decay co
stants, we find that expressions~79! and ~80! agree with
those derived in Ref.@24#1 @as well as with those in Ref.@27#,
and up to a factor of 2 in (F (p))2 with those in Ref.@28##,
where a different approach was used.

A few words should be said about Ref.@25#, also using
the method of the BS equation for studying the NG boson

1Our left-handed and right-handed NG fields correspond, res
tively, to X andY fields in the nonlinear realization of the SU(3c
3SU(3)L3SU(3)R symmetry of Ref.@24#.
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the CFL phase of cold dense QCD. The result for the de
constants obtained there is numerically different from o
result as well as from the results of Refs.@24,27,28#. It seems
the reason of that is because, while being qualitatively c
rect, the analysis of Ref.@25# misses some relevant quantit
tive details ~for example, no distinction between the tw
types of quarks with different gaps seems to be made!.

VII. ABSENCE OF MASSIVE RADIAL EXCITATIONS

The important property of the quark pairing dynamics
cold dense QCD is the long range interaction mediated
the gluons of the magnetic type@5,6#. Of course, the Meiss-
ner effect would eventually provide screening for the gluo
in the far infrared region. It is known that such screening
negligible ~at least in the leading order! for the dynamics of
the gap formation@7–11#. The paring dynamics of the mas
sive diquarks, however, is quite sensitive to the Meiss
effect @21,22#.

Let us now consider the difference between two flav
dense QCD and three flavor dense QCD. The former has
residual SU(2)c gauge symmetry in the vacuum, so th
three out of the total eight gluons do not feel the Meiss

c-
5-10
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effect. In contrast, the gauge symmetry of the latter is co
pletely broken~through the Higgs mechanism!. This means,
in particular, that all eight gluons in the CFL phase of thr
flavor QCD are affected by the Meissner screening.

The natural question is whether the conjecture of R
@14# about the existence of an infinite tower of massive
citations in diquark channels with quantum numbers of
NG bosons could be generalized to three flavor QCD.
recall that this conjecture was derived from studying so
unusual properties of the effective potential. Taken litera
the conjecture would imply the existence of an infinite tow
of massive excitations for each of the five~would be! NG
bosons in the case of QCD with two flavors. However, o
detailed analysis@21,22# shows that, in fact, an infinite towe
of the excitations occurs only in the color singlet channel.
radial excitations of the four other~would be! NG bosons
~from a color doublet and antidoublet! appear. In order to
reach this conclusion, one needs to take into account
effect of the Meissner screening for the pairing dynamics
diquark bound states.

By following the same arguments as in the case of t
flavor QCD @21,22#, one should distinguish between tw
classes of bound states, for which the role of the Meiss
effect is very different. The first class consists of light bou
states with the massesM!uD0

2u. The binding energy of
these states is large~tightly bound states!, and the Meissner
effect is essentially irrelevant for their pairing dynamic
This point could be illustrated by the BS equations for t
lightest diquarks, the massless NG bosons: in that case
most important region of momenta in the equations is giv

by uD0
2u&uk0u!ukW u&m where the Meissner effect is negl

gible ~see Sec. VII and Appendix C in Ref.@22#!.
The second class includes quasiclassical states with

masses close to their threshold. Since the binding energ
the quasiclassical states is small, the quasiclassical part o
spectrum is almost completely determined by the behavio
the potential at large distances. In the particular case of c
dense QCD, the interaction between quarks is long range
the ~imaginary! time direction and essentially short ranged
the spatial ones@6,14#. Because of that, the far infrared re

gion, with uk0u,uD0
2u&ukW u, is particularly important for the

pairing dynamics of the quasiclassical diquark states and
Meissner effect is rather strong in that region. This impl
that the inclusion of the Meissner effect is crucial for extra
ing the properties of the states from this second class~for
more details see Sec. VII and Appendix C in Ref.@22#!.

Now, by repeating the arguments of Ref.@22#, we con-
clude that, because of the Meissner effect, an infinite to
of ~quasiclassical! massive diquarks does not appear in t
CFL phase of three flavor QCD. This is directly related
the fact that all eight gluons in the model at hand are affec
by the Meissner screening. This qualitative argument by
self does not prevent the possibility of a finite number
radial excitations in the spectrum. However, the same typ
analysis as in Ref.@22# shows that no radial excitations o
NG bosons appear at all. After the Meissner effect is ta
into account, the interaction provided by gluons appears
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be too weak to form even the lowest massive radial exc
tion of a NG boson.

VIII. CONCLUSIONS

In this paper we studied the problem of diquarks with t
quantum numbers of the NG bosons in the CFL phase
cold dense QCD with three quark flavors. For this purpo
we used the conventional method of the BS equation. Th
we derived the general BS equations in the singlet and
octet channels that include all the NG bosons.

Our analytical analysis of the BS equations in CFL pha
shows that the theory contains one pseudoscalar octet o
NG bosons, one singlet NG boson and one singlet pse
NG boson. This agrees with the previous results obtaine
the effective theory approach of Refs.@23–28#. We calculate
the decay constants of the~pseudo! NG bosons by using the
Pagels-Stokar approximation, and the results agree w
those of Ref.@24#, obtained by a very different method.

We also show that there are no spin-zero massive st
~with quantum numbers of the NG bosons! in the CFL phase
of cold dense QCD. This conclusion is reached by studyin
specific realization of the Meissner effect in three flav
QCD. In contrast to the case of dense QCD with two flavo
all eight gluons in the CFL phase become massive due to
Meissner effect. As a result, the one-gluon interaction
comes rather weak in the far infrared region which is resp
sible for the pairing dynamics of the~would be quasiclassi-
cal! massive radial excitations of the NG bosons@22#. We
note, though, that our current conclusions state nothing ab
the bound diquark states of higher spins. The problem of
higher spin channels might be also interesting, but it is
yond the scope of this paper.
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APPENDIX: CALCULATION OF THE NG BOSON DECAY
CONSTANTS

In this appendix we give the details of calculation of t
decay constants. We start from the definitions in Eqs.~77!
and ~78!. In the Pagels-Stokar approximation, the BS wa
functions of the NG bosons are taken at vanishing total m
mentumP. The explicit form of the wave functions in th
singlet channel is given in Eqs.~57! and~58!. By making use
of these expressions, we rewrite the right-hand side of
~77! as follows:
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Pm
(h)F (h).

i

2F (h)E d4q

~2p!4
tr$8gmS2~q!P” @S2~q!

1g5S2~q!g5#1gmS1~q!P” @S1~q!1g5S1~q!g5#%1O~P2!

.
2

F (h)
PnE dq4d3qW

~2p!4 S gm0gn02
qW mqW n

uqW u2 D S 8uD2
2u2

@q4
21~eq

2!21uD2
2u2#2

1
uD1

2u2

@q4
21~eq

2!21uD1
2u2#2D 1O~P2!

.
9m2

2p2F (h) S gm0P01
1

3
PW mD1O~P2!, ~A1!

where we used the expansion of the quark propagators in powers of momentumP,

S1,2~q1P/2!.S1,2~q!1
i

2
S1,2~q!P” S1,2~q!1O~P2!, ~A2!

as well as the following results for the Dirac traces:

tr~gmLq
6gnLq

7P7!5gm0gn02
qW mqW n

uqW u2
. ~A3!

In the case of the octet state, the calculation is similar. The explicit form of the corresponding BS wave functions is g
Eqs.~73!, ~74!, and~75!. By substituting them into Eq.~78!, we arrive at

Pm
(p)F (p).

i

24F (p)E d4q

~2p!4
tr$5gmS2~q!P” @S2~q!1g5S2~q!g5#

12gm@S1~q!1g5S2~q!g5#P” S1~q!12gm@S2~q!1g5S1~q!g5#P” S2~q!%1O~P2!

.
1

6F (p)
PnE dq4d3qW

~2p!4 S gm0gn02
qW mqW n

uqW u2
D

3S 5uD2
2u2

@q4
21~eq

2!21uD2
2u2#2

1
uD1

2u2

@q4
21~eq

2!21uD1
2u2#2

1
uD2

2u2

@q4
21~eq

2!21uD2
2u2#2

2
D1

2~D2
2!* 1D2

2~D1
2!*

@q4
21~eq

2!21uD1
2u2#@q4

21~eq
2!21uD2

2u2#
D 1O~P2!

.
m2

24p2F (p) S 72
D1

2~D2
2!* 1D2

2~D1
2!*

uD1
2u22uD2

2u2
ln

uD1
2u2

uD2
2u2D S gm0P01

1

3
PW mD1O~P2!. ~A4!
.
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